Abstract. Based on the representation theory and the study on the involutions of compact simple Lie groups, we show that F 4 admits non-naturally reductive Einstein metrics.
vector space p complement to l in k with Ad(L)p ⊂ p. Then we may identify p with T o (M ) in a natural way. We can pull back the inner product go on T o (M ) to an inner product on p, denoted by , . For X ∈ k we will denote by X l ( resp. X p ) the l-component (resp. p-component) of X. A homogeneous Riemannian metric on M is said to be naturally reductive if there exist K and p as above such that In [10] . D'Atri and Ziller have investigated naturally reductive metrics among the left invariant metrics on compact Lie groups, and have given a complete classification in the case of simple Lie groups. Let G be a compact connected semi-simple Lie group, H a closed subgroup of G, and let g be the Lie algebra of G and h the subalgebra corresponding to H. We denote by B the negative of the Killing form of g. Then B is an Ad(G)-invariant inner product on g. Let m be a orthogonal complement of h with respect to B. Then we have g = h ⊕ m, Ad(H)m ⊂ m.
Let h = h 0 ⊕ h 1 ⊕ · · · ⊕ h p be the decomposition into ideals of h, where h 0 is the center of h and h i (i = 1, · · · , p) are simple ideals of h. Let A 0 | h0 be an arbitrary metric on h 0 .
Theorem 2.1 ([10]
). Under the notations above, a left invariant metric on G of the form
is naturally reductive with respect to G × H, where G × H acts on G by (g, h)y = gyh −1 . Conversely, if a left invariant metric , on a compact simple Lie group G is naturally reductive, then there exists a closed subgroup H of G such that the metric , is given by the form (2.1).
There is a simple formula for the Ricci curvature of a left invariant metric which was derived in [19] . In [10] , D'Atri and Ziller gave a simple proof.
Lemma 2.2 ([10, 19]).
For any x, y ∈ g, Ric(x, y) = −tr(∇ x − adx)(∇ y − ady).
Based on the Lemma 2.2, D'Atri and Ziller gave a sufficient and necessary condition for the left invariant metrics given in (2.1) to be Einstein. By computing the case when h acts irreducibly on m, they get the following number of Einstein metrics on the exceptional groups: 5 on G 2 , 10 on F 4 , 14 on E 6 , 15 on E 7 , 11 on E 8 , and the following number of Einstein metrics on the classical groups:
and several more in isolated dimensions.
Let g be a compact simple Lie algebra, let θ be an involution of g, and let h = {x ∈ g|θ(x) = x}, m = {x ∈ g|θ(x) = −x}.
Then g = h⊕ m, (h, m) = 0 and h acts irreducibly on m. For this case, by the theory of ansatz, Mujtaba [16] and Pope [18] gave the following number of non-equivalent Einstein metrics on some classical groups respectively: 2n+1 on SU (2n), 2n on SU (2n+1), 3n−4 on SO(2n), 3n−3 on SO(2n+1).
But all the Einstein metrics mentioned above are naturally reductive. In order to find non-naturally reductive Einstein metrics, [2] gives a further discussion based on the form (2.1).
Let m = m 1 ⊕ · · · ⊕ m q be a decomposition of m into irreducible Ad(H)-modules m j for any j = 1, · · · , q, and assume that the Ad(H)-modules m j are mutually nonequivalent, and that the ideals h i , i = 1, · · · , p of h are mutually non-isomorphic. In particular, assume that dim h 0 ≤ 1. We consider the following left invariant metric on G which is Ad(H)-invariant:
In order to compute the Ricci tensor of the left invariant metric , on G, write the decomposition
Note that the space of left invariant symmetric covariant 2-tensors on G which are Ad(H)-invariant is given by
In particular, the Ricci tensor r of a left invariant Riemannian metric , on G is a left invariant symmetric covariant 2-tensor on G which is Ad(H)-invariant and thus r is of the form (2.2). Let e α be a B-orthonormal basis adapted to the decomposition of g, i.e., e α ∈ w i for some i, and α < β if i < j (with e α ∈ w i and e β ∈ w j ). We set A 2 , where the sum is taken over all indices α, β, γ with e α ∈ w i , e β ∈ w j and e γ ∈ w k . Then k ij is independent of the B-orthonormal bases chosen for w i , w j , w k , and
The components r 0 , r 1 , · · · , r p+q of the Ricci tensor r of the above metric , on G are given by
, where the sum is taken over all i, j = 0, 1, · · · , p + q.
Moreover, for each k we have i,j j ki
Based on the above lemma and a further discussion for Kähler C-spaces,
). The compact simple Lie groups SO(n) for n ≥ 11, Sp(n) for n ≥ 3, E 6 , E 7 , and E 8 admit non-naturally reductive Einstein metrics.
A Ricci curvature formula associated with an involution pair
The Lie algebra h of the compact subgroup H in the work of Mujtaba and Pope is the fixed points of an involution of the Lie algebra g of the compact simple Lie group G.
The Lie subalgebra h in [2] is also associated to the involution of the Lie algebra g. In fact, Let Π = {α 1 , · · · , α l } be a fundamental system of ∆, where ∆ is the root system of g corresponding to a maximal abelian subalgebra t. Let φ = l j=1 m j α j be the highest root. First choose a simple root α i such that m i = 2. Then there exists an element h 1 of t such that
Then ρ = e adh1 is an involution of g. Let k = {x ∈ g|ρ(x) = x} and m = {x ∈ g|ρ(x) = −x}. Then Π − {α i } ∪ {−φ} is a fundamental system of k. There exists an element h 2 of t such that
Then ϕ = e adh2 is an involution of k, and
Furthermore, ϕ can be extended to an automorphism of g satisfying
It means that ϕ 4 = id as a linear map on g. By a result of Yan [21] , if an involution ϕ of k can be extended to be an automorphism of g, also denoted by ϕ, then
Remark 3.1. The cases given in [2] are just a part of the cases for ϕ 4 = id.
Remark 3.2. For the latter, it corresponds to the commuting involutions on compact simple Lie algebras, which leads to an classification of the simple locally symmetric pairs. For the details, see [8, 9, 21] .
Let ρ, ϕ be involutions of g satisfying ρϕ = ϕρ. Then we have a decomposition
corresponding to ρ, ϕ, where
Let B be an associative inner product on g. It is easy to check that B(h i , h j ) = 0 if j = i and
We consider the following left invariant metric on G:
Lemma 3.3. If a left invariant metric , of the form (3.1) on G is naturally reductive with respect to G × L for some closed subgroup L of G, then one of the following holds:
, then the metric , is given by u 1 · B| h1 + u 2 · B| h2⊕h3⊕h4 , which is naturally reductive with respect to G × H 1 , where the Lie algebra of H 1 is h 1 . (2) If u 1 = u i2 and u i3 = u i4 , then the metric , is given by u 1 · B| h1⊕hi 2 + u i3 · B| hi 3 ⊕hi 4 , which is naturally reductive with respect to G × K, where the Lie algebra of K is h 1 ⊕ h i2 .
Proof. The lemma follows form Theorem 2.1 and the fact that only h 1 and h 1 ⊕ h i for some i are subalgebras of g.
Lemma 3.4. The Levi-Civita connection corresponding to the above metric is
and
Proof. The lemma follows from direct computations.
Let {e 1 , · · · , e n } be an orthogonal basis of g with respect to B, where {e 1 , · · · , e i1 } is the basis of h 1 , {e i1 + 1, · · · , e i2 } is the basis of h 2 , {e i2 + 1, · · · , e i3 } is the basis of h 3 and {e i3 + 1, · · · , e n } is the basis of h 4 . Let i 0 = 0 and i 4 = n. Let {e * 1 , · · · , e * n } denote the dual basis of {e 1 , · · · , e n } corresponding to the left invariant metric (3.1). Then
Proposition 3.5. The Ricci curvature is given as follows.
(1) Ric(x, y) = 0, for any x ∈ h i , y ∈ h j if i = j; (2) For any x, y ∈ h 1 , Ric(x, y) =
Ric(x, y)
Proof. Let notation be as above. Then
It follows that Ric(x, y) = 0 for any x ∈ h i , y ∈ h j if i = j.
Assume that x, y ∈ h 1 . For any e ∈ h i , we have It follows that Ric(x, y) =
Assume that x, y ∈ h 2 . For any e ∈ h i , we have ∇ e ∇ x y, e = 0. If e ∈ h 1 , 
Similarly, if e ∈ h 4 , we have
Then the formula for Ric(x, y) follows when x, y ∈ h 2 , and the others are similar.
The compact simple Lie group G is F 4 if h 1 is simple and the involutions are inner-automorphisms
Firstly, we recall some theorems on the study on involutions. Cartan and Gantmacher made great attributions on this field, and the theory on the extension of involutions can be found in [3] , which is different in the method from that in [21] .
Let G be a compact simple Lie group with the Lie algebra g and θ be an involution of G. Then we have a decomposition,
where k = {x ∈ g|θ(x) = x} and p = {x ∈ g|θ(x) = −x}. Let t be a Cartan subalgebra of g containing a Cartan subalgebra of k.
From now on, we assume that the involutions are inner-automorphisms.
Theorem 4.1 (Gantmacher Theorem). Let the notations be as above. Then θ is conjugate with e adH under Autg, where H ∈ t.
Let Π = {α 1 , · · · , α n } be a fundamental system of g and φ = n i=1 m i α i be the maximal root respectively. Then we have Assume that τ is an involution of g satisfying τ θ = θτ . Then τ k = τ | k is an involution of k. That is to say, we can obtain every involution τ of g satisfying τ θ = τ ρ by extending an involution of k to an involution of g. Since τ is an innerautomorphism of g, we know that τ k is an inner-automorphism. Furthermore,
Lemma 4.4 ([21]
). Let τ k be an involution of k which is an inner-automorphism. Then the natural extension τ of τ k from k to g is an inner-automorphism of g, and
where z is the 1-dimensional center of k or z = 0, and every k i is a simple ideal of k. If τ k is the restrict of τ from g to k, we have that every Theorem 4.7. Let G be a compact simple Lie group with the Lie algebra g and τ, θ be involutions of g satisfying τ θ = θτ . If the Lie subalgebra h 1 = {x ∈ g|θ(x) = x and τ (x) = x} is simple, then g = F 4 .
Proof. Assume that k = {x ∈ g|θ(x) = x}. By the above discussions, τ is the extension of some involution of k. By Theorem 4.1, θ is conjugate with e adH . By Lemma 4.2, we can assume that there is a simple α i satisfying (4.1). Assume that m i = 1. Then by Lemma 4.3, the center of k is 1-dimensional. It follows that h 1 isn't simple. So m i = 2, and k is simple if k 1 is simple. Since k is simple, by Lemma 4.3, we have that
Since h 1 = {x ∈ k|τ (x) = x} is simple, we have that
We can choose a fundamental system {α 1 , α 2 , α 3 , α 4 } of F 4 such that the involution pair in Theorem 4.7 is described as follows. The Dynkin diagram of F 4 corresponding to the fundamental system is
In the sense of conjugacy under AutF 4 , the involution θ is e adH such that
Let φ = 2α 1 + 3α 2 + 4α 3 + 2α 4 . Then the Dynkin diagram of k is
The involution τ is the extension of τ k , where τ k = e adH1 satisfies
Then φ 1 = −(α 2 + 2α 3 + 2α 4 ) be the maximal root of k. Then the Dynkin diagram of h 1 is
, where
Clearly k = h 1 ⊕ h 2 , which is a decomposition of k corresponding to the involution τ k . By Lemma 4.3, h 2 is the irreducible representation of h 1 with the highest weight −α 3 , which is a fundamental dominant weight corresponding to α 2 . It is easy to see that k 1 = {x ∈ g|θτ (x) = x} = h 1 ⊕ h 4 , which is a decomposition of k 1 corresponding to the involution τ k 1 . Clearly {α 1 , α 2 , α
} is another fundamental system of F 4 . The Dynkin diagram corresponding to the fundamental system is
The involution θτ = e ad(H+H1) satisfies
The involution τ = e adH1 restricted on k 1 satisfies 
Einstein metrics on the compact simple Lie group F 4
Let g be a compact simple Lie algebra, ρ : g → gl(V ) be an irreducible representation of g, ( , ) be a non-degenerate, associative and symmetric bilinear form on g. Assume that {e 1 , · · · , e n } is an orth-normal basis of g corresponding to ( , ). Then for any x ∈ g, [
Since ρ is irreducible, Schur Lemma implies that i ρ 2 (e i ) is a constant. Furthermore assume that the highest weight of ρ is λ. Then Let g, θ, k and k 1 be as that in the previous section. Assume that B is the associative inner product on g such that B(α 1 , α 1 ) = 2. Let {e 1 , · · · , e n } be an orthogonal basis of g with respect to B, where {e 1 , · · · , e i1 } is the basis of h 1 , {e i1 + 1, · · · , e i2 } is the basis of h 2 , {e i2 + 1, · · · , e i3 } is the basis of h 3 and {e i3 + 1, · · · , e n } is the basis of h 4 . Since p is an irreducible representation of k with the highest weight −α 4 , by Lemma 5.1, we have: 
